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Article
I.	INTRODUCTION 
Ordinary materials such as aluminium, steel, glasses, single crystals and numerous others, exhibit anharmonic effects that can be explained by the classical nonlinear theory of Landau [1], known as Classical Nonlinear Elasticity (CNE). However, in the presence of micro-structural features such as cracks in the medium lattice or fatigue damage, the material nonlinear behaviour may significantly differ from the classical one. In particular, a variety of materials such as rocks, soil, ceramics, sandwich structures, concrete, metal alloys with mesoscopic flaws (i.e. with a characteristic length smaller than the wavelength) can become highly nonlinear and manifest quasi-static and dynamics effects such as hysteresis and discrete memory in the stress-strain relationship [2], [3], [4]. Hence, despite of their very different microstructure, the stress-strain relationship of these materials obeys to a new class of media known as Nonlinear Mesoscopic Elastic (NME). 
Nonlinear elastic effects of damaged materials can be usually assessed with nonlinear elastic wave spectroscopy (NEWS) [5], [6], [7], [8] and phase symmetry analysis (PSA) techniques [9], which explicitly interrogate the material nonlinear elastic behaviour and its effect on wave propagation caused by the presence of defects. A number of experimental tests were performed on a wide variety of materials subjected to micro-damages in different environmental conditions. In particular, using either mono- or a bi-harmonic excitation, the material acts as a nonlinear mixer so that when the harmonic waveforms interact together at the damage location, not only their superposition, but also sum and difference frequencies, in addition to higher harmonics, and sub-harmonics of the fundamental frequencies and can be generated [10], [11]. These new frequency components indicate that a flaw is present within the material. Differences between NME and CNE nonlinear dynamic behaviour include quadratic amplitude dependence with the third harmonic of NME materials versus cubic in the classical ones, and a downshift of the fundamental frequency, proportional to the resonance amplitude in the NME media versus quadratic amplitude dependence with the second harmonic predicted by the CNE theory [12], [13]. 
In the last decade a number of analytical approaches have been developed to significantly simplify the problem, but they may not succeed in reproducing the whole set of observed phenomena. Hence, the application of numerical calculations can be used as an alternative for a more complete theoretical analysis, including the extension of a basic 1D model to higher dimensions [14]. Nevertheless modelling wave propagation and the material response in micro-cracked solids with classical and non-classical material nonlinear behaviour presents significant challenges. Hirose and Achenbach [15] numerically solved the dynamic problem of contacting crack faces due to incident wave motion using the boundary element method (BEM). In the field of wave propagation in conjunction with a spring model, Delsanto and Scalerandi [16] developed the local interaction simulation approach (LISA) to investigate the influence of nonlinear elasticity on the 1D and 2D dynamic wave propagation in materials with hysteresis stress-strain relations at the microscale. However, the LISA model treats every inhomogeneity (grain boundary, micro-crack, etc…) individually by modelling the splitting of a node into two sub-nodes with specific characteristics that define its mechanical stress-strain relation. This is very demanding on the calculation time and not very practical when dealing with large systems or extension to higher dimensions (order of 1012 microscale features per cm3). 
To reduce calculation demands, it is advantageous to introduce an intermediate level between the microscopic mechanics and the macroscopic behaviour. This intermediate or mesoscopic level can be regarded as the element level as generally used in finite element (FE) or finite difference (FD) methods. Therefore, based on these considerations, a new model was developed by Guyer et al. [17] based on the Preisach-Mayergoyz (PM) space representation, in analogy with the treatment of magnetic hysteresis. In particular, at the mesoscopic level, each material element can be thought as composed of a statistical ensemble of microscopic features with elementary hysteretic operators [18]. Hence, a multiscale model for nonlinear and hysteretic wave propagation, involving microscopic, mesoscopic and macroscopic levels, appears to be far more efficient and has potential for being used in simulations of higher dimensional geometries and inverse modelling techniques. Van Den Abeele et al. [19], [20] proposed a combination of elastodynamic finite integration technique (EFIT) and PM space for a 1D resonant bar and a 2D isotropic material with localized damage. Zumpano and Meo [21] and Barbieri et al. [22], [23] used the PM space formalism to evaluate the nonlinear response of a damaged medium with a finite element and a meshless element free Galerkin method, respectively. 
This paper presents the development of a nonlinear elastic material model, implemented in an explicit in-house FE numerical software, able to simulate the nonlinear interaction of acoustic/ultrasound waves with micro-cracks. Such a constitutive model has a multiscale nature where the macroscopic behaviour of damaged solids is represented through a contribution of a number of mesoscopic elements, which are composed by a statistical collection of microscopic units. In this manner, nonlinear effects observed experimentally such as the generation of both odd and even harmonics associated to material hysteresis and anharmonic effects, respectively, can be simulated. In addition, by means of Kelvin eigentensors and eigenelastic constants, the 1D and 2D nonlinear wave propagation problem in both isotropic and anisotropic structures was extended to the 3D Cartesian space. Hence, this research work can be considered as a general framework for the study of the macroscopic nonlinear response of micro-damaged materials such as metals, composites and alloys that may show both nonlinear classical and non-classical effects. The layout of this paper is as follows: in Section II, the 3D multiscale nonlinear elastic model is theoretically presented. Section III illustrates the numerical results in terms on nonlinear responses for two different structures, a 3D isotropic and orthotropic bar and a 3D orthotropic plate. Finally, conclusions are drawn and summarised.

II.	3D MULTISCALE MODEL FOR NONLINEAR WAVE PROPAGATION
Following a multiscale concept, the macroscopic response is here considered depending on a finite number of mesoscopic material elements (order of 1-10 mm) that in turn are composed by a large number of microscopic units (order of 1-100 m) with varying properties defining their stress-strain relation. By means of the semi-analytical Landau formulation and the PM space representation, this multiscale model allows the description of the structural (macroscopic) response under continuous periodic (harmonic) excitation of micro-damaged materials showing both anharmonic effects and dissipative hysteretic losses. 

A.	Material Constitutive Model
At the microscale level, the total scalar strain response, , of each unit can be modelled through a combination of a classic nonlinear component, Cl, that takes into account the anharmonic effects in CNE materials, and a non-classical addition H because of the hysteresis and discrete memory effects [19]
	.	(1)
Hence, introducing the nonlinear classical stress, C, and the non-classical counterpart, H, the inverse of the total nonlinear elastic modulus, KTOT, of the microscopic unit is (Fig. 1)
	.	(2)
	The theoretical model on nonlinear interaction of acoustic/ultrasonic waves with the structural defect can be treated in CNE materials as an expansion of the elastic energy as a power series with respect to the strain, Cl. Thus, according to Landau’s nonlinear classical theory [1], the inverse of the elastic modulus, KCl, in CNE materials becomes
		(3)
where K0 is the linear elastic modulus and  and  are classical second order and third order nonlinear coefficients. In order to evaluate the inverse of the elastic modulus contribution in NME media, the PM formulation was used [24]. In this phenomenological state relation, the strain contribution at the microscale level equals either zero or a finite value, , depending on the actual stress value, , and its history, his. 
	In particular, for positive stress rate , the strain contribution is zero for  (“open” state) and for  (“closed” state) (Fig. 1). The constant represents the total strain jump when the microscopic unit switches from “open” to “closed”. For negative stress rate , the strain contribution equals  for  (“closed” state) and zero for  (“open” state). In this case, represents the total strain jump when the microscopic unit switches from “closed” to “open”. Naturally is  and only the parameters  and  can vary from unit to unit. Physical dynamic models attribute this non-classical nonlinear behaviour to the closure and opening of bond system between grains or the friction of crack surfaces [25], [26]. 
In the up-scaling from microscopic to mesoscopic level, the linear elastic modulus, K0, and the nonlinear coefficients  and  can be assumed as constants within a material mesoscopic element. Hence, Eqs. (2) and (3) still maintain their effectiveness at the mesoscopic level and can be used to predict the nonlinear classical elastic modulus . Moreover, in order to quantify the hysteresis and discrete memory effects at mesoscopic level, the method proposed by Aleshin et al [27] was used. In particular, the mathematical implementation of the PM space model is associated with the stress pairs  and the mesoscopic element density distribution, , with . In other words, in the continuum limit (109-1012 units/cm3) the density, , is used as a measure of the fraction of mechanical units within the material mesoscopic element that are in a “closed” or “open” state at the stress, .
Thereby, following the ideas of the PM space formalism, the nonlinear non-classical contribution to strain can be represented through a linear superposition of statistical ensemble of N individual hysteretic units located at position x
	,	(4)
where  corresponds to the nonlinear strain of each hysteretic unit. By using Eq (2) and replacing the summation over all elements in Eq. (4) with integration over the entire PM space, the non-classical correction of the elastic modulus can be obtained as follows:
	,	(5)
in which according to Fig. 2
	,	(6)
where . Assuming a uniform distribution of the elementary hysteretic units within the PM space, we can interpret  as the number  of mechanical elements (per unit of volume) with control parameters  belonging to the interval  and 
	.	(7)
Hence, Eq. (5) becomes
	.	(8)
A graphical illustration of the hysteresis element switching procedure is plotted in Fig. 2(a)-2(f), which contains a series of snapshots of the PM space, corresponding to different points of the stress curve in Fig. 2(g).
	By examining the evolution of  over time, the elementary microscopic units are closed for  and the associated strain is zero. Increasing the stress to point A’ [Fig. 2(g)], all the units contained in the area of the PM space (associated to the mesoscopic element) defined by the triangle OAB close [Fig. 2(a)]. The strain variation becomes:
		(9)
where  if the region containing the microscopic units is open and  if it is closed. Eq. (9) represents the contribution of the inverse of the nonlinear hysteretic elastic modulus of the elementary units closing at the actual stress, . The separation between the closed and open area (known as switching line) is determined by the actual value of the stress. In the case illustrated in Fig. 2(a), as the stress rate is positive, the switching line is vertical and the black arrow indicates the direction of switching. Bringing the stress value to , all the microscopic units enclosed in the trapezium ABCD close as well [Fig. 2(b)]. Reducing the stress to , all the units having a value of the stress higher than  open [see dashed triangle CEF in Fig. 2(c)]. Since now the stress rate is negative , the strain variation corresponds to a simple line integral in the PM-space over a horizontal line segment. Thereby, for negative stress rate, Eq. (8) reduces to
	,	(10)
where  if the hysteretic units are closed and  if the hysteretic units are at open state. Unlike Eq. (9), Eq. (10) represents the contribution of the inverse of the nonlinear hysteretic elastic modulus of the mesoscopic element containing microscopic units that are opening at the actual stress, . Then the stress is further reduced to the point B’ [Fig. 2(d)]. A subsequent increase of stress to  determines the closing of the hysteretic units enclosed in the triangle GIL [Fig. 2(e)]. As a result, the integration along the switching line defined by  reduces to the integration along the switching section defined by the points I and L. Hence, Eq. (9) becomes
	.	(11)




where  (constant) is the maximum strain for all the unit cells closing and opening in the PM space,  is the total area of the PM space and  and  are the contributions of the hysteretic units in a “closing” and “opening” state, respectively. Since Eqs. (12) and (13) are associated to the sign of the stress rate, the non-classical nonlinear elastic modulus is highly dependent on the stress history his. 

B.	Kelvin Notation for 3D Orthotropic Elastic Media




Introducing Kelvin notation, Eq. (15) can be rewritten in the form
		(16)
where the shearing components of these new six-dimensional (6D) stress and strain vectors are multiplied by :
		(17)
and  is a new six by six matrix:
	 with .	(18)
The symmetric matrix  can be shown to represent the components of a second-rank tensor in a 6D space. We consider now the eigenvalue problem obtained by seeking those strain states for which  and  are parallel in the 6D space. Specifically, the eigenvalues of the matrix  are the six numbers  that satisfy the following equation [31]:
	.	(19)
Since the 6D linear transformation [Eq. (18)] is assumed to be symmetric and positive definite, there will be a maximum of six positive eigenelastic constants associated to Eq. (19) known as Kelvin moduli. These eigenvalues will be denoted by ,  and ordered by the inequalities . In addition to the six values of , also six values of  will be associated to the problem (19), which are denoted by the vector  in the 6D space. The stresses  obtained by multiplying  by the eigenvalues  are called the stress eigentensors. A Cartesian basis in the 6D space can be constructed from the normalized strain eigentensors, denoted by 
	.	(20)
Hence, the stress eigentensors can be written in terms of the normalized strain eigentensors using Eqs. (16), (19) and (20) as
	.	(21)




where  indicated the tensor or dyadic product. For orthotropic symmetry, there are nine distinct elastic constants, K11, K12, K13, K22, K23, K33, K44, K55 and K66 and six distinct eigenvalues  with . The last three eigenvalues associated with Eq. (19) are
		(24)
and their associated eigenvectors become
		(25)
The first three eigenvalues of Eq. (19) satisfy the following relation:
	.	(26)
By decomposing the determinant of Eq. (26), we obtain an algebraic equation of the third power with respect to 
	.	(27)




The normalized eigenstrains associated to the eigenvalues  with  are
		(29)
where the coefficients X1, X2, X3, X4, X5, X6, X7 and X8 for the evaluation of the eigenvalues [Eq. (28)] and the coefficients Y11, Y12, Y21, Y22, Y31, Y32 for the evaluation of the eigentensors [Eq. (29)] are reported in the Appendix. The normalized eigenvectors defined by Eq. (25) simple represent shearing in the symmetry planes, whilst the eigentensors defined by Eq. (29) represent simple extension or contractions along the various symmetry planes. The projection of the stress-strain state given by Eq. (17) along these eigenvectors define the eigenstress vector  and the eigenstrain vector . Their components are reported in Eq. (A10) of the Appendix. 
By using the eigenvalues and eigentensors defined in Eq. (A10), the total elastic modulus due to nonlinear classical and non-classical effects defined in Eq. (2) becomes
	.	(30)










Therefore, the 6 x 6 nonlinear stiffness matrix KTOT of the mesoscopic element obtained using Eq. (31) will be used for the implementation of the explicit FE numerical method at each individual time step. Moreover, based on the model represented above, the symmetry of the material is not affected by the nonlinear effects, as well as the separation of nonlinear behaviour is assumed in the different orientations of the material.

C.	Nonlinear Finite Element Formulation
In order to solve a multiscale nonlinear structural problem, an explicit finite element (central difference) formulation was used, as it allows computing the nodal forces without recourse to a factorization of the global stiffness matrix in a step-by-step solution. Let us consider a 3D solid domain  with boundary  discretized with 3D elements. The weak form of the equilibrium equations for the continuum  can be derived from the displacement variational principle as follows [32]:
	,	(32)
where  is the transpose of the Boolean connectivity matrix that gather the nodal displacement, , of each element e from the global vector, . over the entire domain, ;  is the total number of elements;  is the element domain;  is the stress second-rank tensor in the 3D Cartesian space,  is the transpose of the shape function matrix;  and  are the surface traction and body force of the element, respectively; and  is the strain nodal displacement matrix defined by
		(33)




Moreover, by introducing the inertial body forces through the d’Alembert principle, Eq. (32) becomes
	,	(36)





The central difference method is based on finite difference expressions for velocity and acceleration at particular instants of time given by:
	,	(420)
	.	(41)
Thus n=0, 1, 2, … corresponds to times , , , …, where  is the time increment. After calculating the response at instant n, time is advanced by , and the response is calculated at instant n+1. Thus, substituting Eq. (41) into (36), the displacement solutions at the step n+1 becomes
	.	(42)
In order to start the computations to determine , the displacement  has to be initially calculated from the values of , and . In particular,  can be determined from a Taylor series expansion about the instant n, for which n=0 and a backward  yields:
	.	(43)
The central difference method is conditionally stable, however, if  is too large, the computed displacement may become wildly inaccurate and grow without limit. To guarantee numerical stability, the time step used for the simulation satisfy the Courant-Friedrichs-Levy condition [33]:
		(44)
where max is the largest natural frequency of the system. Hence, whilst the time step was selected according to Eq. (44), also the size of the element was chosen in manner so that the propagating waves were spatially resolved. In particular, according to ref. [31] more than 20 nodes per wavelength were used.
The numerical scheme defined by Eqs. (42) and (43) can be used by those elements that present either linear or nonlinear features. Whilst in the former case, the nonlinear elastic moduli are zero, in the nonlinear case the nonlinear stiffness matrix of the element has to be constantly updated at each time step due to the amplitude dependence with the material constants. The multiscale numerical procedure along with the Voigt and Kelvin formulation are illustrated in the flowchart in Fig. 3. In addition, no linear attenuation mechanics was taken into account in this model, even though it can be easily implemented by adding an additional viscous force to Eq. (42) [32]. 

III.	NUMERICAL RESULTS
The influence of CNE and NME effects on the multiscale model illustrated above was numerically verified on two different structures, a 3D isotropic and orthotropic bar and a 3D composite plate. All the numerical models were meshed with tetrahedral solid elements using the isoparametric formulation and were implemented in an in-house FE code developed by the authors.

A.	Results for an Isotropic and Orthotropic 3D Bar
The first numerical model consists of a 3D bar with dimensions of 350 x 17.5 x 17.5 mm3 and is composed of nearly 7000 nodes with more than 30000 elements (with element length of nearly 1.2 mm) (Fig. 4). For the same geometry, both isotropic and orthotropic material properties were considered. In particular, a density of 2700 kg/m3, an elastic modulus of 70 GPa and a Poisson’s ratio of 0.3 were used for the aluminium case, whilst the mechanical properties for the composite bar are reported in Table I, with a lay-up of [0/45/90/-45]s:
Table I: Orthotropic material properties
E11 (GPa)	E22 (GPa)	E33 (GPa)	G12 (GPa)	G23 (GPa)	G31 (GPa)	12 	23	31	 kg/m3
131	9	9	5.7	5.37	5.37	0.3	0.29	0/34	1545

These orthotropic mechanical properties are typically used for aeronautical and civil engineering applications. The bar was modelled in a cantilever position so that it was fixed at one end, whilst the right end was dynamically loaded with a continuous and uniform surface traction force according to the following periodic law:
	,	(45)
where A is the amplitude of the input source and f0 is the excitation frequency. In both isotropic and orthotropic cases, an amplitude A=1x103 Pa and a fundamental frequency f0=100 kHz were used. The output (displacement) of the numerical model was measured at different locations within a time window of s and, according to Eq. (44), the sampling time (time step) was s for all the numerical models. Figure 5 displays the time histories of the in-plane displacement (for simplicity only the component dx is shown) collected on the top surface of the bar at the coordinate xo=95 mm and yo=8.5 mm for both the isotropic and composite case (the origin xo= 0, yo = 0 is at the left corner of the fixed end).
The micro-cracked zone was assumed as uniformly distributed over a 3D region of dimensions 2 x 12 x 8 mm centred approximately in the middle of the bar (Fig. 4). In this manner, the nonlinear response of the structure to different type of stress waves (shear, longitudinal, etc…) could be simulated. According to Sec. IIC, the nonlinear classical and non-classical behaviour of the material were modelled by imposing the semi-analytical Landau formulation and the PM space representation to those elements within the damaged area. This means that the mechanical behaviour of the elements outside this nonlinear zone was assumed to be purely linear elastic. In order to simulate the harmonics generation in the case of CNE material, only the influence of the even (second) order nonlinear coefficient was considered [Eq. (3)], i.e. =0.6 for the aluminium case and =0.8 for the composite one. Hence, the nonlinear signatures (harmonics generation) could be easily disclosed by analysing the signals in the frequency domain. Figure 6 shows the fast Fourier transformation (FFT) of the in-plane displacement component with a predominant second harmonic contribution in both the aluminium and composite structures. 
In order to represent the NME behaviour of the bar, according to Eqs. (12) and (13) the proprieties of the hysteresis were defined by the parameter  and the stress limits  and  of the PM space. In our simulations, we assumed ,  and the stress limits ranging between -5 and 5 MPa for the aluminium case, and  and  and  equal to -6 and 6 MPa for the composite one. Figure 7 illustrates the nonlinear response of the isotropic and orthotropic materials in the frequency domain due to the presence of hysteresis. In both Figs. 6 and 7, the amplitude of second and third harmonic was normalised with that of the fundamental frequency, as in practical situations the coupling between the piezoelectric sensor and the structure as well as the attenuation of the material should be taken into account, which is out of the purpose of this work. In addition, from Fig. 7, it can be clearly seen that due to pure non-classical nonlinear material behaviour, the third harmonic is the most predominant in the measured response. This result is in agreement with the theory and experiments reported by other authors [17], [33], [34], [35]. However, it should be pointed out that additional frequencies within the spectrum in Figs. 6 and 7 are only due to the resonance frequencies of the bar. Furthermore, theoretical and experimental evidences [2], [5] showed that the non-classical and classical material behaviour increase with the amplitude of the excitation signal. In order to investigate this phenomenon, the excitation frequency was kept constant at 100 kHz and the amplitude was ranged between 1x103 and 1x104 Pa. The results in Fig. 8 show a linear pattern of the second and third harmonic dependence with the fundamental amplitude for both isotropic and orthotropic bar. Moreover, the results on the slope of the third harmonic response [Figs. 8(c)-8(d)] are in perfect agreement with those obtained by Vanaverbeke and Van den Abeele [20].

B.	Results for an Orthotropic 3D Plate
The second geometry used for the nonlinear wave propagation problem was a 3D rectangular plate with dimensions 153 x 106 x 3 mm3 (Fig. 9). The mesh was made of 15000 nodes with 77322 elements in way that the element length was approximately 1 mm. The mechanical properties as well as the stacking sequence were the same as the orthotropic bar reported in Sec. IIIA (see Table I). 
However, unlike the previous structure, the dynamical load was provided through an in-plane traction force applied on the plate surface in way to represent the numerical model of two sensors operating in pitch-catch mode. Indeed, a time-dependent uniform pressure distribution, in the form of Eq. (45), was employed to input a continuous harmonic waveform from a circular area centred at xi=110 mm and yi=48 mm on the top surface with radius of 2.5 mm. In this numerical test the values of amplitude and input frequency were A=5x103 Pa and f0=150 kHz. Similarly to the case of 3D bar, the mesoscopic elements with nonlinear features were assumed to be uniformly distributed over a circular area with diameter of 6 mm and thickness of 2 mm located at the middle of the plate. The parameters used for simulating both the nonlinear classical and non-classical material behaviour were =0.9,  and  and  equal to -6 and 6 MPa. Fig. 10 shows the extraction of the nonlinear signature by the FFT of the in-plane displacement dx measured at xi=30 mm and yi=50 mm. As expected, both the second harmonic due to the anharmonic effect and the third harmonic by means of PM space formulation were generated. 
It should be noticed that both values of nonlinear coefficients  and  can be in principle experimentally evaluated through quasi-static or dynamic stress-strain tests [19] or by using a least square optimization algorithms [7]. Particularly, as  strongly depends on the ratio between the amplitude of the second harmonic with the square of fundamental one, it is always less than one [36]. Moreover, the values of the stress limits in the PM space can be assumed equal to the tensile failure strength of the structure. Once this information is available, they can be used as input for nonlinear inverse problems, in which the size of the micro-crack or the fatigue crack growth can be estimated by analysing the variation of the material nonlinear parameters. Future work is on-going to provide experimental confirmation to these theoretical studies.

IV.	CONCLUSIONS
This paper presented a multiscale constitutive material model able to predict the nonlinear effects generated by the interaction of acoustic/ultrasonic waves with damage precursors and micro-cracks. Such a model involved microscopic, mesoscopic and macroscopic structural features and was developed in order to simulate nonlinear classic and hysteretic material response. In particular, by means of nonlinear elastic Landau’s theory and the PM space representation, this multiscale model provided an understanding of phenomena such as the generation of both odd and even harmonics. Moreover, Kelvin formulation was used to extend the wave propagation problem in both isotropic and orthotropic materials from 1- or 2D to the 3D Cartesian space. The above nonlinear multiscale model was implemented in finite element tool. As a result, it was possible to reproduce a number of classical and non-classical nonlinear effects, which were theoretically assumed and experimentally observed in quasi-static and dynamics experiments. In this research work, the numerical cases of a 3D isotropic and orthotropic bar and a 3D orthotropic plate were modelled. Particularly, the influence of the excitation amplitude variations as well as the interactions of stress waves with 3D cracked zone on the harmonics generation was analysed. Therefore, this material model can be a useful tool for the physical interpretation of the nonlinear material effects and for future applications of damage diagnostics.

APPENDIX: 


















with  either the stress  or the strain . 
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Figure 1 The stress-strain response at the microscale level for materials with both hysteretic and anharmonic effects and PM formulation at microscopic level
Figure 2 Illustration of the switching procedure in the PM space. Increasing the stress from point A’ to point A in the stress curve (g), the microscopic units contained in the trapezoid area ABCD (b) change their state from open to close and contribute to the nonlinear elastic modulus. Then, reducing the stress from point A to B, only the microscopic units that change their state from close to open (the triangle ECF) contribute to the nonlinear elastic modulus (c). This method can be recursively implemented according to the stress history for the single mesoscopic element (d), (e) and (f).
Figure 3 Flowchart of the multiscale numerical model.
Figure 4 Illustration of the geometry of the 3D bar.
Figure 5 Time signals of the in-plane component dx of the displacement for the isotropic (a) and the orthotropic (b) bar measured at the receiver’s location. 
Figure 6 FFT of the in-plane displacement from CNE behaviour in the aluminium (a) and composite (b) bar.
Figure 7 FFT of the in-plane displacement from NME behaviour in the aluminium (a) and composite (b) bar.
Figure 8 Second harmonic displacement amplitude versus squared fundamental amplitude for the isotropic (a) and composite (b) bar, and third harmonic displacement amplitude versus fundamental amplitude for the isotropic (c) and composite (d) bar. The load amplitude ranges from 1x103 to 1x104 Pa.
Figure 9 Illustration of the geometry of the 3D plate. Receivers are placed in two different regions on the top surface of the structure. The first is located at x = 52 mm and the y coordinate ranging between 47 and 59 mm, whilst the second is at x = 92 mm and y ranging between 47 and 59 mm.
Figure 10 FFT of the in-plane displacement from CNE behaviour (a) and NME effect (b) on the composite 3D plate.






4



28



